The decision theorem of the Schur geometric convexity for the compositions involving Schur geometrically convex functions is established and used to determine the Schur geometric convexity of some symmetric functions.
Introduction
Throughout the article, R denotes the set of real numbers, x = (x  , x  , . . . , x n ) denotes n-tuple (n-dimensional real vectors), the set of vectors can be written as [] , and so on. We also note that some authors use the term 'Schur-multiplicative convexity'. The theory of majorization was enriched and expanded by using these concepts. Regarding the Schur geometrically convex functions, the aim of this paper is to establish the following theorem which is similar to Theorem A. 
(i) If ϕ is increasing and Schur convex and f is convex, then ψ is Schur convex. (ii) If ϕ is increasing and Schur concave and f is concave, then ψ is Schur concave. (iii) If ϕ is decreasing and Schur convex and f is concave, then ψ is Schur convex. (iv) If ϕ is increasing and Schur convex and f is increasing and convex, then ψ is increasing and Schur convex. (v) If ϕ is decreasing and Schur convex and f is decreasing and concave, then ψ is increasing and Schur convex. (vi) If ϕ is increasing and Schur convex and
Theorem  Let the interval [a, b] ⊂ R ++ , ϕ : R n → R, f : [a, b] → R, and ψ(x  , . . . , x n ) = ϕ(f (x  ), . . . , f (x n )) : [a, b] n → R. (i) If
Definitions and lemmas
In order to prove our results, in this section we will recall useful definitions and lemmas.
to be decreasing if and only if -ϕ is increasing.
We say y majorizes x (x is said to be majorized by y), denoted by x ≺ y, if [n] are rearrangements of x and y in a descending order.
(i) A set ⊂ R n is said to be a convex set if
for all x, y ∈ , and α ∈ [, ].
(ii) Let ⊂ R n be a convex set. A function ϕ: → R is said to be a convex function on
holds for all x, y ∈ , and α ∈ [, ]. ϕ is said to be a concave function on if and only if -ϕ is a convex function on . (iii) Let ⊂ R n . A function ϕ : → R is said to be a Schur convex function on if 
for all x, y ∈ and α ∈ [, ]. (ii) Let ⊂ R ++ be geometrically convex set. A function ϕ : I → R ++ is called a geometrically convex(or concave, respectively) function, if
A function ϕ : → R ++ is said to be a Schur geometrically convex (or concave, respectively) function on if
for all x, y ∈ .
By Definition (iii), the following is obvious.
Proposition  Let ⊂ R n ++ be a set, and let log = {(log x  , . . . , log x n ) : (x  , . . . , x n ) ∈ }. 
holds for any x = (x  , . . . , x n ) ∈  , then ϕ is a Schur geometrically convex (Schur geometrically concave) function. 
Proof of main results
Proof of Theorem  We only give the proof of Theorem (iv) in detail. Similar argument leads to the proof of the rest part. If ϕ is increasing and Schur geometrically convex and f is increasing and geometrically convex, then by Proposition , ϕ(e x  , . . . , e x n ) is increasing and Schur convex and by Lemma , g(x) = log f (e x ) is increasing and convex on [log a, log b]. Then from Theorem A(iv), it follows that ϕ(e log f (e x  ) , . . . , e log f (e xn ) ) = ϕ(f (e x  ), . . . , f (e x n )) is increasing and Schur convex. Again by Proposition , it follows that ψ(x  , . . . , x n ) = ϕ(f (x  ), . . . , f (x n )) is increasing and Schur geometrically convex. The proof of Theorem  is completed.
Applications
Let x = (x  , . . . , x n ) ∈ R n . Its elementary symmetric functions are and we defined E *  (x) = , and E * r (x) =  for r <  or r > n. It is well known that E r (x) is an increasing and Schur concave function on R n + [] . By Lemma , it is easy to prove that E r (x) is a Schur geometrically convex function on R ++ . In fact, noting that
In In the following, we prove that the Schur geometric convexity of the composite functions involving the above symmetric functions and their dual form by using Theorem .
Let f (x) = +x -x , x ∈ (, ). Directly calculating yields
That is, f is increasing and geometrically convex on (, ). Since E r (x), E * r (x), c n (x, r), and c * n (x, r) are all increasing and Schur geometrically convex functions on R n ++ , and noticing that f (x) = +x -x > , for  < x < , by Theorem (iv), the following theorem holds.
Theorem  The following symmetric functions are increasing and Schur geometrically convex on (, )
n :
and c * n For r ≥ , let g(x) = x  r , x ∈ R ++ . Directly calculating yields
That is, g is increasing and geometrically convex (concave) on R is increasing and geometrically convex on (, ), from Theorem (iv) and Theorem , the following holds.
Theorem  The following symmetric functions are increasing and Schur geometrically convex on (, )
n : 
